Motivated by a recent progress in studying the duality-symmetric models of nonlinear electrodynamics, we revert to the auxiliary tensorial (bispinor) field formulation of the O(2) duality proposed by us in hep-th/0110074, 0303192. In this approach, the entire information about the given duality-symmetric system is encoded in the O(2)-invariant interaction Lagrangian which is a function of the auxiliary fields V αβ ,Vαβ . We extend this setting to duality-symmetric systems with higher derivatives and show that the recently employed "nonlinear twisted self-duality constraints" amount to the equations of motion for the auxiliary tensorial fields in our approach. Some other related issues are briefly discussed and a few instructive examples are explicitly worked out.
Introduction
A wide class of the nonlinear electrodynamics models including the renowned Born-Infeld (BI) theory exhibits the on-shell U(N) duality invariance (or a less restrictive discrete self-duality) [1] - [14] . Recently, there was a rebirth of interest in the duality-invariant theories, including those with higher derivatives (see, e.g., [15] - [20] ), in connection with the problems of the extended supergravity counterterms. There is the hope that the duality symmetry considerations at the quantum level could play the decisive role in checking the ambitious hypothesis of ultraviolet finiteness of N = 8, 4D supergravity (and/or its higher-dimensional cousins and N < 8, 4D descendants) [15, 16, 17] .
About decade ago, we proposed a new general formulation of the duality-invariant theories exploiting the tensorial (bispinor) auxiliary fields [21, 22, 23] . In this formulation, the U(N) or discrete duality symmetries acquire a nice interpretation as the linear off-shell symmetries of the nonlinear interaction constructed out of the auxiliary fields. These symmetries are broken in the total action, since its free bilinear part is not invariant. The famous Noether-Gaillard-Zumino (NGZ) constraint [2, 3] is linearized in this formalism and, as a consequence, the duality symmetry between the Bianchi identities and equations of motion becomes manifest. The basic algebraic equations of motion relate the auxiliary fields to the Maxwell field strengths and, in general, can be solved by some recursive procedure. Substituting the solutions for the auxiliary fields back into the original action, we obtain the perturbative expansion of the nonlinear Lagrangians in terms of the electromagnetic field strengths. In some particular cases of the U(1) duality invariant models, the basic equations are reduced to the algebraic equations of the orders 2, 3 or 4, and it becomes possible to write their solutions (and the eventual actions) in a closed form. In particular, the quadratic equation gives rise to the notorious Born-Infeld (BI) theory.
One of the aims of the present paper is to argue that the methods recently proposed in [17, 18, 19] for the systematic construction of various duality-invariant nonlinear Lagrangians are in fact equivalent to our approach [21, 22, 23] . In particular, "the nonlinear twisted duality constraint" of [17, 18, 19] is none other than the equation of motion for our bispinor auxiliary field. Realizing this motivated us to return to the original formulation in order to see how the latest developments in the duality stuff can be inscribed into its framework.
In Section 2 we review our auxiliary-field formalism for the U(1) (or O(2)) duality symmetric electrodynamics models in the simplest case without derivatives of the field strengths. We demonstrate that the model with the simplest quartic auxiliary O(2) invariant interaction 1 2 V 2V 2 [21] just amounts to the duality-invariant model recently discussed, in parallel with the BI theory, in [17, 18] . In our method this model corresponds to the auxiliary algebraic equation of the fifth order. We discuss the Legendre-type transformation of the scalar variable ν = V 2 to the µ representation [23] , which simplifies both solving the auxiliary equations and constructing the Lagrangians of the dualityinvariant systems in the standard representation through the Maxwell field strengths. We also consider the combined (F, V, µ) representation of these Lagrangians, with both the bispinor and the scalar auxiliary fields. The µ or V representations arise after elimination of the appropriate auxiliary field.
The authors of [17, 19] studied the duality-invariant theories with higher derivatives. In Section 3 we discuss how to treat such theories in the framework of our auxiliary-field formulation. Once again, the basic requirement is the O(2) invariance of the interaction which is now constructed out of the auxiliary fields and their derivatives. Though the equation for the auxiliary fields contains derivatives, it still can be solved recursively, giving rise to various Lagrangians with higher derivatives of the field-strengths F αβ , Fαβ, such that the corresponding theories are guaranteed to exhibit duality invariance, with the relevant generalized NGZ condition being satisfied.
In Appendix A we present the precise correspondence between the vector notation used in [17, 18, 19] and our complex spinor notation.
In Appendix B we show that the Schrödinger nonlinear constraints [24] (pertinent to the Born-Infeld theory as a particular case of duality-symmetric systems) are readily reproduced in our approach.
The Lorentz non-covariant but manifestly O(2) duality invariant version of our Lagrangian with auxiliary fields is discussed in Appendix C.
In the accompanying paper [25] we will analyze, in more detail compared to [22] , the nonabelian U(N) duality within our tensorial auxiliary field formulation. In the near future we also plan to extend this formulation by incorporating scalar coset fields which are necessary ingredients of the duality-symmetric supergravities.
Auxiliary variables in nonlinear electrodynamics

The standard duality setting
We use the SL(2, C) spinor representation for the electromagnetic gauge field A αβ and the complex dimensionless Maxwell field strengths F αβ andFαβ. The general nonlinear Lagrangian with no derivatives on the field strengths is constructed from the scalar
The physical rescaling of this dimensionless Lagrangian includes the coupling constant f of dimension [f ] = −2 and the field strengths F,F of the standard dimension
In the more familiar tensor notation (see Appendix A) the Lagrangian L(ϕ,φ) is rewritten in terms of the standard Maxwell field strength F mn and its dualF mn as L(ϕ,φ) =L(t, z), where ϕ = t + iz and t = 1 4
The nonlinear equations of motion following from (2.1) and the Bianchi identities for the field strengths have the form
3)
Here, the nonlinear bispinor fields
correspond to the standard self-dual and anti-self-dual fields G ± mn used in the tensor notation (see (A.12)).
The set of equations (2.3) and (2.4) is covariant under the O(2) duality transformations 6) provided that the nonlinear O(2) duality NGZ condition [2, 3] for the Lagrangian L is satisfied
This condition (which is O(2) invariant by itself) guarantees the consistency of the O(2) transformations (2.6) with the definition (2.5).
In the on-shell equations (2.3), (2.4) and the O(2) transformations (2.6), the field strength F αβ and its conjugate are treated as independent complex variables. Off shell the field strengths are expressed in terms of the gauge potential A m . It is impossible to implement the O(2) transformations off shell on the single real vector field A m , which implies that the total off-shell action cannot possess O(2) duality invariance.
Still for the Lagrangians of the duality-invariant systems there exists the partially
Here I (orĨ) are some O(2) invariants. This representation can be easily proved by varying the general Lagrangian (2.1) with respect to the transformations (2.6) with taking into account the NGZ condition (2.7), which gives
This coincides with the variation of the bilinear term in (2.8); i.e. the remaining term I is indeed duality-invariant. The representation (2.8) on its own is not too useful since no systematic way to construct the invariants I orĨ was known 1 . Such a way is suggested by the formulation with the auxiliary tensorial fields.
Reformulation through tensorial auxiliary fields
The basic (F, V )-representation of the Lagrangian of general duality-invariant system in our formalism [21, 23] involves the bispinor field-strengthes F αβ andFαβ and the auxiliary fields V αβ andVαβ
Here L 2 (V, F ) is the bilinear part through which the Maxwell field strength enters the action and E(ν,ν) is the nonlinear interaction involving only auxiliary fields. We use the convenient scalar variables
The O(2) transformations of the involved fields read
12)
The Bianchi equation (2.4) together with the dynamical equation of motion corresponding to the Lagrangian (2.10),
14)
constitute the set of equations manifestly covariant under these O(2) transformations. The latter take the more familiar equivalent form just in terms of the variables P αβ , F αβ (c.f. (2.6)):
The full set of the equations of motion associated with the Lagrangian (2.11), including the algebraic ones for the auxiliary fields V αβ ,Vαβ, is duality-covariant only under a certain restriction on the interaction part E(ν,ν). This restriction actually amounts to the constraint (2.7), but looks much simpler and has the obvious group-theoretical meaning.
The algebraic equations for V αβ ,Vαβ are the basic equations of our formalism. They arise from varying L(V, F ) with respect to V αβ ,Vαβ and have the form
Their important corollaries are, in particular,
The perturbative solution of (2.17) for functions G or L ϕ , 20) allows us to construct the nonlinear Lagrangian L(ϕ,φ) from the Lagrangian L(F, V (F )) . Using the relations (2.18b) and (2.20) , one can also express ν and E ν through ϕ and L ϕ :
In this way, any L(ϕ,φ) (non-singular in the weak-field limit) can be restored by the appropriate function E(ν,ν). The duality-invariant systems correspond to the special choice of E(ν,ν) . To find out the appropriate restriction on this function, we need to rewrite the NGZ condition (2.7) in our formalism.
Using the definition (2.15) together with the relations (2.18) and (2.21), it is easy to find
Then the nonlinear NGZ condition (2.7) is reduced to the linear constraint:
This is none other than the condition of invariance of the interaction E(ν,ν) under the O(2) transformations (2.12):
The general solution of this condition is obviously 
It is now straightforward to reveal how the general GZ representation (2.8) for the Lagrangians of the duality-invariant systems looks in our approach. We rewrite the offshell action (2.10) in the form
and observe that the (V,
It is manifestly invariant under the duality rotations (2.12), (2.13). Expressing V αβ ,Vαβ in it through F αβ ,Fαβ by Eqs. (2.17), we obtain the general representation for I(ϕ,φ):
The basic (and most difficult) problem of the approach discussed consists in expressing, for the given E(a), the variable a through the original variables ϕ andφ. From the auxiliary field equation (2.18a) (and its conjugate) one can derive the real algebraic equation [23] (
which can be used for this purpose. The general expression for the Lagrangian (2.10) in terms of ϕ andφ, after the repeated use of the equations (2.17) and (2.18), is obtained as follows
where a is related to ϕ,φ by Eq. (2.30).
To summarize, all O(2) duality-symmetric systems of nonlinear electrodynamics without derivatives on the field strengths are parametrized by the O(2) invariant off-shell interaction of the auxiliary fields E(a) which is a function of the real quartic combination of the auxiliary fields. This universality seems to be the basic advantage of the approach with tensorial auxiliary fields. The problem of constructing O(2) duality-symmetric systems is reduced to choosing (at will) one or another specific E(a) .
After passing to the tensorial notation (see Appendix A), our basic auxiliary field equation (2.26) (proposed more than ten years ago) is surprisingly recognized as the "nonlinear twisted self-duality constraint" of Refs. [17, 18, 19] , while the O(2) invariant function E(νν) as the "duality-invariant source of deformation". It should be pointed out that in our approach this constraint is by no means postulated but naturally arises as the algebraic equations of motion associated with the new off-shell universal Lagrangian (2.10) for the duality-symmetric systems, in which E(ν,ν) = E(νν) . The auxiliary tensorial (or bispinor) fields V αβ ,Vαβ appearing in (2.10) are entirely unconstrained off shell: there is no need to express them, e.g., through the second gauge field or to subject them to any other conditions. The final nonlinear self-dual Lagrangian as a function of the Maxwell field strengths F αβ ,Fαβ comes out as the result of eliminating the tensorial auxiliary fields by their equations of motion.
It is worthwhile here to recall that in [2, 3, 8, 9] there was developed another approach to solving the NGZ constraint (2.7) and restoring the appropriate Lagrangian L(ϕ,φ), based on reducing (2.7) to the Courant-Gilbert nonlinear differential equation. It was found that the whole family of the duality-invariant Lagrangians is parametrized by some real function of one argument. Despite this formal resemblance, there are essential distinctions between this construction and our procedure. In contrast to the former, our approach guarantees the analyticity of L(ϕ,φ) 2 . Also, at all steps we make use of the algebraic equations, while the approach of [2, 3, 8, 9] exploits the differential equations.
Finally, we notice that, besides the continuous O(2) duality, some models of nonlinear electrodynamics reveal the so called "discrete duality" or "duality by Legendre transformation" [2] . It also has a simple realization in terms of the auxiliary fields [22] :
(2.32)
Alternative auxiliary field representations
The representation (2.31) together with the algebraic equation (2.30) in principle solve the problem of finding the explicit form of the action of O(2) duality invariant system by a fixed E(a) in terms of the Maxwell strengths (at least, as a power series in ϕ andφ ). However, in practice it is frequently more convenient to deal with the set of the auxiliary complex variables µ andμ instead of the original ones ν andν. These two sets of variables are related to each other through the Legendre transformation
The function H(µ,μ) provides an alternative representation of the nontrivial interaction E = 0. Under the off-shell O(2) duality the variables µ andμ are evidently transformed as
From (2.33), (2.34) one finds
In order to guarantee the (µ,μ) ↔ (ν,ν) transform to be invertible, we are led to assume that E a (a = 0) = 0 , I b (b = 0) = 0, i.e. that E(a) starts with the term ∝ a .
The basic algebraic equations of this representation directly follow from Eq. (2.18b)
They enable expressing µ,μ in terms of ϕ,φ . The equation for the invariant variable b also directly follows from (2.30), and it reads [23] (b + 1)
The relevant expression for the general Lagrangian L(V (F ), F ) can be easily obtained from the expression (2.31):
It is worth noting that one can reproduce the algebraic relations (2.37) from the new Lagrangian with µ as an independent complex auxiliary field:
Varying (2.40) with respect to µ,μ yields just (2.37), from which one can derive Eq. (2.38) without any reference to the original ν,ν representation. Eliminating µ andμ from (2.40) in terms of ϕ,φ and b with the help of (2.37) and its corollary (2.38), we recover the Lagrangian (2.39).
The dual field strength P αβ appearing in the nonlinear equation of motion for F αβ derived directly from the extended Lagrangian (2.40) is as follows
The consistency of the nonlinear O(2) transformations, (ϕ +φ) . There also exists a combined representation for the general self-dual Lagrangian, with two auxiliary fields, V αβ and µ ,
Eliminating the bispinor auxiliary field via its algebraic equation V αβ = F αβ /(1 + µ) , we come back to the Lagrangian (2.40). On the other hand, the (µ,μ) equations give us just the relations (2.34) between ν = V 2 ,ν =V 2 and µ ,μ
The equations for µ(ν,ν) can be solved recursively in the general case and explicitly for some special functions I b , thus yielding the original (F, V ) representation.
Examples
I. Born-Infeld model. The classical example of the O(2) duality invariant model of nonlinear electrodynamics is the renowned Born-Infeld theory. In our approach it has a more simple description in the µ (or b) representation. The corresponding function I(b) is as follows
The equation (2.38) becomes quadratic in this case:
It can be explicitly solved as [23] :
(2.47)
After substituting (2.45), (2.47) into (2.39) we recover the standard Born-Infeld Lagrangian
The formulation of the BI theory in the original a (or ν) representation is also possible but it proves to be much more involved. The original variable a is related to b as
and for E(a) one obtains the representation
where t(a) is defined by the 4-th order equation
Solving it, one can find closed expressions for both t(a) and E BI (a), but they look not too illuminating. Up to the 3d order in a:
II. The simplest interaction (SI) model. This O(2) duality invariant model is one of those considered in [17] and referred to as the BN model in [18] . It corresponds to the following constraint on the Lagrangian
(1 +L
It can be rewritten through the variables ϕ,φ as
where we made use of the correspondence
Using the general relations (2.21), as well as their corollaries
it is straightforward to rewrite the constraint (2.52) in terms of ν,ν and E ν , and to find that in the new setting this constraint is reduced to the pretty simple condition
Thus the BN model amounts to the simplest choice of the O(2) invariant auxiliary interaction function E(a), the one quartic in the auxiliary tensor fields. This model was actually analyzed in detail in our paper [21] as the simplest example of the auxiliary interaction generating the non-polynomial self-dual electromagnetic Lagrangian in the F representation. The relevant interaction in the b-representation is also linear,
Despite such a simple off-shell form of the auxiliary interaction, it is hardly possible to find a closed on-shell form of the nonlinear Lagrangian L SI (ϕ,φ), since the algebraic equations relating a and b to ϕ,φ are of the 5-th order. E.g., the equation (2.38) becomes
Nevertheless, it is straightforward to solve these equations as infinite series in ϕ,φ and then to restore L BN (ϕ,φ) to any order using the representations (2.31) or (2.39). In the present case it is simpler to solve the coupled set of the algebraic equations for the function G(ϕ,φ) defined in (2.20):
which amounts to the following 5-th order equation for G:
For the variables a and b one gets, respectively,
We give the self-dual Lagrangian L SI (ϕ,φ) up to 10-th order in F αβ and Fαβ, in parallel with the analogous expansion of L BI (ϕ,φ). To this end, we use the expansion of E(a) in powers of a up to the second order : , e 2 = 0 . The Lagrangians for the BI and BN models as the power series in the tensor variables t and z were given in [18] .
III. More examples.
In [23] we also considered the following simple ansatz for the oneparameter deformation of the BI auxiliary Lagrangian (2.45)
This ansatz gives rise to some 3-rd order equation for b . The simplest choice is c = 2 , for which
The corresponding ϕ,φ representation for the Lagrangian involves only one unknown function r = Re µ ,
The basic algebraic equation in the µ-representation (2.38) is reduced to the cubic equation for r:
where t = (ϕ +φ)/2 , z = (ϕ −φ)/2i (see Eq. (A.10)). One can explicitly solve Eq. (2.63) using the Cardano formula or stick to its perturbative solution.
It is easy to obtain the (F, V ) representation (2.10) for the Lagrangian of the considered system. The corresponding O(2) invariant function E(a) is given by the following expression
,
In [23] we also studied some duality-invariant systems which require solving the 4-th order equations.
3 Auxiliary variables in duality-invariant theories with higher derivatives
Generalities
The nonlinear electromagnetic Lagrangians with higher derivatives are functions of the variables
and their complex conjugates. Derivatives of the field strengths appear with some coupling constants of non-trivial dimensions. The higher-derivative electromagnetic Lagrangians in the explicit form involve various scalar combinations of these variables, e.g.,
It is known that the higher-derivative generalizations of the duality-invariant Lagrangians contain all orders of derivatives of F αβ andFαβ [17, 19] . The nonlinear equations of motion of such generalized Lagrangians are expressed through the Lagrange derivative [4] 
The definition of the O(2) duality transformations and finding out the appropriate Lagrangians which would yield the duality-symmetric systems of equations with higher derivatives is a rather difficult task (see, e.g., [17, 19] ). We propose to tackle this problem in the framework of the higher-derivative generalization of our formulation with the auxiliary bispinor fields.
This generalization is accomplished rather straightforwardly: we start from the original (F, V ) Lagrangian (2.10) with O(2) invariant self-interaction E(νν) and allow the latter to depend also on the derivatives of auxiliary fields (still keeping invariance under the O(2) transformations (2.12)):
Here L 2 is the old bilinear part of the Lagrangian (2.11). By construction, this modified Lagrangian admits an analog of the GZ representation (2.27)
for any E. The equations of motion for this Lagrangian contain the Lagrange derivative of E
It is easy to see that this set of equations together with the Bianchi identity (2.4) is covariant under the O(2) duality transformations (2.13), (2.12), provided that
In the simplest non-trivial case, when the auxiliary interaction depends only on V,V and their first derivatives, i.e. E = E(V, ∂V ) , we have
Using the definitions
and Eq. (3.8), we obtain the relations
Now we can prove the integral form of the NGZ identity, using the O(2) invariance of the interaction E(V, ∂V )
Substituting the solution of Eq.(3.8) into this relation, we obtain the nonlinear NGZ identity for the original F -representation with higher derivatives. The same NGZ identity is valid in the general case, for an arbitrary O(2) invariant auxiliary self-interaction E(V, ∂V, ∂ 2 V, . . .) . Now we turn to the examples.
The simplest case
The simplest real invariant with two derivatives is
In the tensor representation the same O(2) invariant reads as ρ ∼ ∂ n V + mn ∂ r V −rm . The relevant equations for V αβ and its conjugate are
where b 1 is a real constant. These equations have the non-local solution
The corresponding L(ϕ,φ) is an extension of the standard Maxwell Lagrangian by nonlocal higher-derivative terms of the second order in the field strengths F αβ ,Fαβ . Although such nonlocal modifications of the free bilinear action could appear as duality-invariant counterterms in extended supergravities [17] , in what follows we assume that the higherderivative terms appear only at the interaction level, i.e. that the bilinear part of the full action still coincides with the standard Maxwell action. Under this natural assumption, E(V, ∂V, ∂ 2 V, . . .) contains no terms bilinear in V αβ ,Vαβ . The relevant auxiliary-field equations can always be solved by recursions, yielding no non-localities in the perturbative expansions and producing L(ϕ,φ) in which all higher-derivative terms come out only in the interaction part.
In the remainder of this Section we will present a few specific examples of the dualityinvariant higher-derivative systems of this type.
Auxiliary interaction with two derivatives
As the first example we consider the simplest quartic mixed interaction with two derivatives
where c is a coupling constant of dimension −2 and ✷ = ∂ m ∂ m . The auxiliary field equation has the form
The perturbative solution contains the higher derivatives
The order of derivatives grows with each next recursion. The self-dual actions in the F -representation contains all orders of higher derivatives distributed over terms of all orders in the Maxwell field strengths. The perturbative construction of these actions, though being quite algorithmic, is much more involved technically as compared to the case without derivatives. For our model we obtain, up to terms of 8-th order,
The model (3.17) can be regarded as the "minimal" higher-derivative deformation of the SI (or BN) model of Sect.3. Similarly, we could choose, as the undeformed E, the interaction (2.49) corresponding to the BI theory. Adding to it the same term bilinear in derivatives as in (3.17), we would get the "minimal" higher-derivative duality-invariant deformation of the BI theory.
Auxiliary interaction with four derivatives
Simple examples of the duality-invariant systems with higher derivatives were analyzed in [17, 19] , based on the "nonlinear twisted duality constraint" which is equivalent to our auxiliary field equation (3.8) .
In our language these systems correspond to the quartic O(2) invariant interactions
where A and B are some constants of dimension −4 and brackets denote traces with respect to the SL(2, C) doublet indices. We consider the construction of the Lagrangian in the F -representation for the model A 4 . The basic equation (3.8) in this case is reduced to
The first two terms in its perturbative solution are as follows
The corresponding Lagrangian in the F -representation involves higher derivatives, starting from the sixth order in fields
An alternative example of the auxiliary interaction with four derivatives which was not considered in [19] reads (just for a change, we use here the tensor notations, see Appendix A):
Here C is a constant of dimension −4 . The basic auxiliary equation of this model reads 
The perturbative construction of the Lagrangian in the F -representation is completely analogous to the previous cases.
Conclusions
In this paper, following and extending our earlier results [21, 23] , we presented the evidence that all duality-invariant systems of nonlinear electrodynamics (including those with higher derivatives) admit an off-shell formulation with the auxiliary bispinor (tensorial) fields. These fields are fully unconstrained off shell, there is no need to express them through any second gauge potentials, etc.
The whole information about the given duality-invariant system is encoded in the O(2) invariant interaction function which depends only on the auxiliary fields (or also on their derivatives) and can be chosen at will. In many cases it looks much simpler compared to the final on-shell action written in terms of the Maxwell field strengths. The renowned nonlinear NGZ constraint is linearized in the new formulation and becomes just the requirement of O(2) invariance of the auxiliary interaction. The O(2) (and in fact U(N) [22, 25] ) duality symmetry is realized off shell by linear transformations.
The basic algebraic equations eliminating the auxiliary tensor fields are equivalent to the recently employed "nonlinear twisted self-duality constraint" [17, 18, 19] . In our approach this constraint appears as the equations of motion (2.26), (3.8) associated with the well defined off-shell Lagrangians. Based on the relations (A.24) -(A.27), it is instructive here to give the dictionary of correspondence between the notations used in [18, 19] and our bispinor notation (up to numerical coefficients)
Let us finish by mentioning a few proposals for the future study.
First, it is of urgent interest to extend our formulation to the N = 1, N = 2, . . . supersymmetric duality-invariant systems, including supersymmetric Born-Infeld theories, in both the flat and the supergravity backgrounds.
Second, it is desirable to learn how the scalar and other fields can be self-consistently inscribed into the framework with the auxiliary tensorial fields.
Finally, we would like to point out that the formulation with the auxiliary fields suggests a new view of the duality-invariant systems: it seems natural, in both the classical and the quantum cases, not to eliminate the tensorial auxiliary fields by their equations of motion beforehand, but to deal with the off-shell actions at all steps. This would as well refer to the quantum counterterms which should appear in this approach as corrections to the original auxiliary interaction function E . It is worthwhile here to recall the off-shell superfield approach to supersymmetric theories, which in many cases radically facilitates the quantum calculations and unveils the relevant intrinsic geometric properties without any need to pass on shell through eliminating the auxiliary fields. It is also worth recalling that the tensorial auxiliary fields have originally appeared just within the off-shell superfield formulation of N = 3 supersymmetric Born-Infeld theory [21] .
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A. Spinor and tensor notations in electrodynamics
We use the Minkowski metric η mn = diag(1, −1, −1, −1) and the 2 × 2 Weyl matrices
The vectors in the spinor and tensor notations are related as
The same correspondence for the Maxwell field strengths is presented by the relations
where
Thus, F αβ is the equivalent bispinor notation for the self-dual tensor field F + mn , andFαβ amounts to the anti-self-dual tensor F − mn . The scalar variables in the spinor formalism are related to the analogous variables in the tensor formalism as
The bispinor and tensor representations of the dual field strengths appearing in the nonlinear equations of motion are related as
where we employed the Lagrange derivatives. The similar relations are valid for the auxiliary fields
The complex auxiliary tensorial fields V ± mn are expressed through the real fields as
The scalar variable ν can be represented as
The real tensor and scalar fields just introduced have the following O(2) transformation laws .20) In the tensorial notations our basic O(2) invariant variable a is reduced to
The one-to-one correspondence between the specific variables used in [17, 18, 19] and our variables in the tensor notation is as follows 3 :
Here Eqs.(A.29) and (A.30) were used. The relations between self-dual (and anti-self-dual) parts of these two sets of complex variables can be collected as
Being cast in the tensor notations, our Lagrangian (2.10) becomes:
The dual nonlinear field strengthG mn is expressed through our variables asG
Applying the tilde operation to both sides of this equality yields
In terms of self-dual components, the same relations read
The auxiliary equations of our formalism (2.17) are completely equivalent to the "twisted nonlinear self-duality condition" of Refs. [17, 18] .
The tensor version of our algebraic equation reads
After passing to the T -tensor notation by Eqs. (A.25), (A.26), the same equation is rewritten as
that precisely coincides with the general twisted self-duality condition. Our interaction function E proves to be identical to the "deformation function" I (1) used in [18, 19] . The general case with derivatives on the Maxwell field strengths corresponds to passing to the Lagrange derivatives in (A.32) and (A.33).
B. Schrödinger constraint and BI theory
Similarly to [2, 18] , we consider here the Schrödinger type [24] nonlinear constraints
The contraction of this condition with T mn yields the NGZ self-duality constraint
for both signs in the right-hand side of (B.1). For definiteness we choose the sign minus and, using the relations from the Appendix A, equivalently rewrite (B.1) in the bispinor notations as the two conditions
Now we substitute the twisted self-duality equation (A.32) in its spinorial form (2.26) into these constraints and find that the latter imply the following equation for the auxiliary interaction
This equation is greatly simplified in terms of the variable b and the interaction I(b) defined in (2.36):
It is recognized as the interaction defining the BI theory. The sign plus in the constraint (B.1) corresponds to the "twisted" solution E(a) → −E(a) which amounts to the choice of the opposite sign of the BI coupling constant, f 2 → −f 2 . These two options exhaust all possible solutions of the constraints (B.1).
C. Manifestly duality-invariant action with auxiliary fields
It is known that the duality-invariant systems admit an alternative description in which the O(2) duality symmetry becomes manifest at cost of loosing the manifest Lorentz symmetry (see, e.g., [11, 20] ) 4 . Here we demonstrate that the formulation with the auxiliary tensorial fields can also be rearranged in a similar way.
We start by introducing the 3D notations for the Maxwell field strength F mn (A) = ∂ m A n − ∂ n A m and the auxiliary fields V mn :
where k, l = 1, 2, 3 . In the new setting, the scalar combinations of the auxiliary fields are rewritten as
Next, we introduce one more gauge potential A ′ m , as well as an extra independent auxiliary field N mn = −N nm , and rewrite our Lagrangian (2.10) with E ( ν,ν) = E(a) in the equivalent form: On the other hand, following [11] , we can keep both gauge fields in the Lagrangian (C.5), in which case it displays the new vectorial gauge symmetry δN mn = ∂ m λ n − ∂ n λ m , δA m = −λ m .
(C.6)
We can make use of this gauge freedom to fix the magnetic non-covariant gauge
It leaves us with N kl = ε klj N j and implies
In the gauge (C.7), the bilinear part of our Lagrangian reads:
After eliminating the auxiliary field N k by the equation of motion,
the whole O(2) invariant Lagrangian with two gauge potentials and the auxiliary fields V k , U k is finally written as
(C.10)
The O(2) duality transformations are realized on these fields as
Then, using the relations
we prove the O(2) invariance of the non-covariant action
The twisted self-duality equations have the following form in this formalism:
E a = 1 2 + e 2 a + . . . .
These algebraic equations can be solved perturbatively in terms of the fields strengths E k and E ′ k . To the lowest order:
After substituting these expressions back into (C.10), we obtain the manifestly self-dual Lagrangian as a function of the 3D field strengths
The magnetic version of the manifestly O(2) invariant action can be obtained through the discrete duality transformation of both fields E → B, B → −E.
